Noncommutative (NC) gravity is constructed on the canonical noncommutative (Moyal-Weyl) space-time as a noncommutative SO(2, 3) ⋆ gauge theory. The NC gravity action consists of three different terms: the first term is of Mac-Dowell Mansouri type, while the other two are generalizations of the Einstein-Hilbert action and the cosmological constant term. The expanded NC gravity action is then calculated using the Seiberg-Witten (SW) map and the expansion is done up second order in the deformation parameter. We analyze in details the low energy sector of the full model. We calculate the equations of motion, discuss their general properties and present one solution: the NC correction to Minkowski spacetime. Using this solution, we explain breaking of the diffeomorphism symmetry as a consequence of working in a particular coordinate system given by the Fermi normal coordinates.
Introduction
General Relativity (GR) and Quantum Field Theory (QFT) are leading theories in modern physics. General Relativity successfully describes gravity phenomena from millimeter scale to cosmic scale [1] . On the other hand, Quantum Field Theory remarkably well describes physics at scales from atomic to elementary particle scale [2] . However, a theory that unites these two theories and provides a description of gravity at quantum scales is still missing. One attempt to construct such a theory is the approach of noncommutative (NC) geometry and noncommutative space-time. During the last twenty years there has been an ongoing effort to try to construct consistent NC gravity models. These models rely on the notion of NC space-time and/or noncommutative geometry and in a certain limit they reduce to General Relativity. One of the main problems in this approach is breaking of diffeomorphism symmetry of General Relativity. Namely, in most of NC gravity models the diffeomorphism symmetry, or at least a part of it, is broken and one needs to understand this breaking and the remaining symmetries (if any). In the following we mention some models of NC gravity. NC gravity via the twist approach [3] is based on the twisted diffeomorphism symmetry. One can write NC Einstein-Hilbert action, derive equations of motion and analyze some particular solutions based on the Killing or semi-Killing twist [4] . However, the full meaning of the twisted symmetry remains to be understood better [5] . In emergent NC gravity models dynamical quantum geometry arises from NC gauge theory given by Yang-Mills matrix models [6] . There are also fuzzy space gravity models and DFR models [7] . Finally, NC gravity can be formulated as a NC gauge theory of Lorentz or (A)dS group using the enveloping algebra approach and the Seiberg-Witten (SW) map [8, 9] . In this approach fermions are easily coupled to gravity and it is straightforward to formulate NC supergravity models [10] . Recently, the SW map approach was related to NC gravity models via the Fedosov deformation quantization of endomorphism bundles [11] . There are also attempts to relate NC gravity models with some testable GR results like gravitational waves, cosmological solutions, Newtonian potential [12] . In this article we construct a NC gravity model following the NC gauge theory approach. We work with the canonical (Moyal-Weyl, θ-constant) noncommutative spacetime. However, the model can be straightforwardly generalized to an arbitrary NC space-time coming from an Abelian twist. The main disadvantage of the canonical NC space-time is that, by introducing a constant NC parameter we explicitly break the diffeomorphism symmetry. Therefore, it is natural to ask if this symmetry breaking has some physical explanation. In Section 5 we will provide an explanation of this diffeomorphism breaking. The gauge group of our model is chosen to be the NC SO(2, 3) ⋆ group. Motivated by different f (R), f (T ) and other modified gravity models we study the SW map expansion of our model and obtain correction terms that are of the first, second, third and fourth order in powers of curvature and torsion. Those terms can be compared with the existing terms in modified gravity models. An advantage of our model is that the relations between different correction terms are not arbitrary but are fixed by the SW map expansion. Calculating NC gravity equations of motion, we show that noncommutativity is a source of the curvature and torsion. That is, given a flat/torsion-free space-time, noncommutativity induces nonzero curvature/torsion on this space-time. This result is not completely new, it was also discussed in [13] in a different approach to NC gravity. Especially, starting from Minkowski space-time as a solution of commutative vacuum Einstein equations, the corrections induced by our NC gravity model lead to space-time with a constant scalar curvature. Note that this article is a longer and detailed version of [14] . The structure of the article is as follows: In the following section we introduce the full commutative action. For completeness, we repeat the basic notations from our previous papers [15] , [16] . After that, the full model consisting of a sum of three different actions is presented. The actions are a MacDovell-Mansouri type of action, a generalization of the Einstein-Hilbert action and the cosmological constant action [17] . The NC generalization of this model is done in Section 3. Using the SW map the second order expansion (in the deformation parameter) of the NC gravity action is calculated. The calculations are long and tedious, so we do not go into details. Instead, we give some of the details in Appendix B. In the zeroth order the NC action reduces to the commutative action containing the Gauss-Bonnet term, Einstein-Hilbert term and the cosmological constant term. The first order correction vanishes, as expected. The first non-vanishing correction is the second order correction. It is given by the terms that are higher order in the curvature and torsion. Since the full second order correction is very complicated, in this paper we only discuss the low energy limit. Therefore, in Section 4 we write the expanded action keeping terms that are of zeroth, first and second order in the derivatives of vierbeins. The equations of motion are then obtained by varying the action with respect to the vierbeins and the spin-connection. NC corrections (θ-dependent terms) appear on the right-hand side of these equations and can be interpreted as sources of curvature and/or torsion. Using these equations of motion, in Section 5 we calculate the NC correction to Minkowski space-time. We see that due to the noncommutativity, Minkowski space-time becomes curved with a constant scalar curvature and the full metric is very close in form to the metric of the AdS space-time. The coordinates in which the solution is given turn out to be Fermi-normal coordinates. This result, its relation with the diffeomorphism symmetry breaking and the work in perspective we discuss in the Conclusions.
Commutative model
In this section we review the commutative model. We first repeat the basic notation and then define and discuss the commutative action. Let us consider a gauge theory on four dimensional Minkowski space-time with the SO(2, 3) group as the gauge group. Note that through the paper we use the "mostly minus" convention for the metric, η µν = diag(+, −, −, −, ). See Appendix A for more details on the conventions we use. The gauge field is valued in the SO(2, 3) algebra 1) where M AB are the generators of the SO(2, 3) group. The generators satisfy
The 5D metric is η AB = diag(+, −, −, −, +). The gauge group indices A, B, . . . take values 0, 1, 2, 3, 5, while indices a, b, . . . take values 0, 1, 2, 3. The space-time indices we label with Greek letters. The generators M AB can be defined using the Clifford algebra in 5D. A representation of 5D gamma matrices is obtained from 4D gamma matrices, i. e. Γ A = (iγ a γ 5 , γ 5 ), where γ a are 4D gamma matrices. The generators M AB are
In the representation given above we obtain
Using this representation, the gauge filed ω AB µ can be decomposed as:
The parameter l has dimension of length, while fields e a µ are dimensionless and ω ab µ has dimension 1/l. Under the SO(2, 3) gauge transformations the gauge field transforms as 6) with the gauge parameter denoted by ǫ = 1 2 ǫ AB M AB . The field strength tensor is defined in the standard way as
Its transformation law under the infinitesimal gauge transformations is given by
Just like the gauge potential, the components of the field strength tensor F AB µν decompose into F ab µν and F a5 µν : 9) where
10)
The SO(2, 3) gauge theory was used in [18] to formulate a gravity theory using the symmetry breaking from SO (2, 3) to SO (1, 3) . Then, using the equations of motion of the model one can identify the fields ω ab µ with the spin connection and the fields e a µ with vierbeins. The fields strengths R ab µν and F a5 µν = T a µν are the curvature tensor and the torsion. The symmetry breaking was introduced via the scalar field φ = φ A Γ A which transforms in the adjoint representation of the SO(2, 3) group,
(2.12)
Using the scalar field φ one can write the following gauge invariant actions [17] :
13)
14) 15) with
We define our commutative model to be the sum of these three actions 16) where c 1 , c 2 and c 3 are arbitrary constants that will be determined from some additional constraints. The action (2.16) is invariant under the SO(2, 3) gauge symmetry. This symmetry is broken to the SO(1, 3) gauge symmetry by choosing φ a = 0, φ 5 = l. This choice is sometimes referred to as a physical gauge. After the symmetry breaking the action S 1 reduces to the sum of the Einstein-Hilbert term, the cosmological constant term and the Gauss-Bonnet term:
The action S 2 reduces to the sum of the Einstein-Hilbert term and the cosmological constant term
Finally, the action S 3 reduces to the cosmological constant term only
Therefore, after the symmetry breaking our classical action is a sum of these three terms
Now we can partially fix the constants c 1 , c 2 and c 3 by the requirement that the full action after the symmetry breaking reduces to the Einstein Hilbert action with the cosmological constant. The Gauss-Bonet term is topological, it does not influence the equations of motion and we will not write it further. We choose c 1 + c 2 = 1, and the cosmological constant is given by
Note that the cosmological constant Λ can be positive, negative or zero, regardless of the symmetry of our model.
NC SO(2, 3) ⋆ gravity action
As we have mentioned in Introduction, the NC generalization of General Relativity cannot be formulated in a straightforward way. One of possible ways to achieve this is to use knowledge of the NC gauge theories and treat gravity as a gauge theory of the Poincaré (or AdS or dS) group. In the previous section we defined a rather general model of commutative gravity as a theory with broken SO(2, 3) symmetry (2.20) . This model we now generalize to the noncommutative setting. As in the previous papers [15, 16] , we work in the canonical (Moyal-Weyl, θ-constant) NC space-time. Following the approach of deformation quantization we represent noncommutative functions as functions of commuting coordinates and algebra multiplication with the Moyal-Weyl ⋆-product:
Here θ αβ is a constant antisymmetric matrix and its entries are considered to be small deformation parameters 1 . The noncommutativity (deformation) is then encoded in the ⋆-product, while all variables (fields) are functions of commuting coordinates. Integration is well defined since the usual integral is cyclic:
Assuming that all fields are well behaved at the boundary, these terms vanish and since we are interested in the equations of motion, we will simply ignore the boundary terms throughout this paper. They become important when one discuss conserved quantities or thermodynamics of black holes. The question of boundary terms in the 1 To be more precise, the Moyal-Weyl ⋆-product should be written as
with the small deformation parameterk and arbitrary constant antisymmetric matrix elements θ αβ . In the usual notationk is absorbed in the matrix elements θ αβ and these are called deformation parameters.
NC gravity action we discussed in details in [16] . In particular, from (3.2) we have
Note that the volume element d 4 x is not ⋆-multiplied with functions under the integral. In order to construct the NC SO(2, 3) ⋆ gauge theory we use the enveloping algebra approach and the Seiberg-Witten map developed in [19] . We will not go into details of this construction, they can be found in [16] . Here we just write the SW map solutions for the NC gauge field, NC field strength tensor and the NC scalar field in the adjoint representation since we will use them through the paper. The noncommutative gauge fieldω µ is defined by the following recursive relation: 
. . includes all possible terms of order n. Expanding this relation up to first order in the deformation parameter, we find that the NC gauge fieldω µ is of the form
It is obvious from (3.5) that the NC gauge field is valued in the enveloping algebra of the SO(2, 3) algebra. However, note that the enveloping algebra in this particular case is finite dimensional. This is one of the advantages of choosing the NC gauge group to be SO(2, 3) ⋆ . The NC field strength tensor is defined aŝ
and its transformation law under the infinitesimal NC gauge transformations is given by:
Here the NC gauge parameterΛ ǫ is introduced. It is also valued in the enveloping algebra, in zeroth order in the deformation parameter it reduces to the commutative SO(2, 3) gauge parameter ǫ and its higher orders can be calculated using the SW map. The SW map solution forF µν follows from the definition (3.6), using the result (3.3). The recursive formula iŝ
Note that we do not put a "hat" on the covariant derivative D µ , the meaning of D µ is defined by the expression it acts on:
Finally, the fieldφ transforms in the adjoint representation
Using the previous results we find the recursive relation 12) with
The solution forφ has the following structureφ
Having these results at hand, we are now ready to define a NC generalization of the action (2.20) . We do it term by term.
NC generalization of S 1
The NC generalization of the action S 1 (2.13) is given by
The ⋆-product is the Moyal-Weyl ⋆-product (3.1), fields with a "hat" are NC fields and we will use the SW map solutions (3.9), (3.13) . Using the transformation laws (3.7), (3.11) and the cyclicity of the integral (3.2) one can show that this action is invariant under the NC SO(2, 3) ⋆ gauge transformations. In the limit θ αβ → 0 the action (3.15) reduces to the commutative action (2.13). The expansion of this action up the the second order in the deformation parameter is done in [16] . The first order correction vanishes. This is an expected result: it was shown in [8] that, if the NC gravity action is real, then the first order (in the deformation parameter) correction has to vanish. This result holds for a wide class of NC deformations, namely the deformations obtained by an Abelian twist, see [9] . The second order correction is given by:
The NC generalization of the action S 2 (2.14) is given by
This action is not real so we have to add its complex conjugate by hand. Following the usual steps, we expand (3.17) up to second order in the deformation parameter. The details of the calculation are presented in Appendix B, here we just write the main steps. Using the formulae (B.1), (B.2) and (B.3) from Appendix B the first order correction follows. It is given by
Explicit calculation of traces gives S
2 = 0, so we have to calculate the second order correction. It follows from the first order action as
+ c.c.
By () (1) it is meant the terms in the bracket are expanded up to first order in the deformation parameter. That includes expansion of the ⋆-products and the use of the SW map solutions for the corresponding fields. Using the formulae (B.4-B.7) and the general method outlined in Appendix B, we finally arrive at the second order correction for the NC action S 2 3.20) 3.3 NC generalization of S 3
Finally, we consider the NC generalization of the action S 3 (2.15). Inserting ⋆-products and promoting the commutative fields to the corresponding NC fields we arrive at:
The zeroth order of the action (3.21) is the commutative action given by (2.15) .
Following the same steps as in previous subsections and using the formulae from Appendix B we calculate the first order correction to this action:
Again, there is no surprise to find that the calculation of traces leads to S
3N C = 0. Therefore, the first non-vanishing correction is the second order correction. To calculate it we start from:
.
(3.23)
Explicit calculation then gives:
The expanded actions (3.16) , (3.20) and (3.24) are obviously invariant under the commutative SO(2, 3) gauge transformations, as guaranteed by the SW map.
Symmetry breaking and the low energy expansion
The second order expansion of the NC actions (3.15, 3.17, 3.21) , given by equations (3.16, 3.20, 3.24 ) is explicitly invariant under the commutative SO(2, 3) gauge symmetry. In order to relate these expanded actions to the General Relativity and its NC corrections, we have to follow the same steps as in the commutative model, Section 2. First we have to break the SO(2, 3) gauge symmetry down to the SO(1, 3) gauge symmetry (local Lorentz symmetry). Then we have to calculate the traces and write the actions in terms of the geometric quantities (curvature, vierbeins, metric). Let us proceed step by step. The symmetry breaking is done by choosing the field φ to be of the form φ = (0, 0, 0, 0, l).
In this way the zeroth order of the actions (3.15, 3.17, 3.21) reduces to the commutative model with the BG term, Einstein-Hilbert term and the cosmological constant term, (2.16). Then we have to calculate the traces. As we have seen, the first order correction vanishes and the second order correction is the first non-vanishing correction. It is very long and we will not write the full expressions here. Moreover, the expended actions contain terms that are fourth and lower powers of curvature and second and lower powers of torsion. To analyze the full action is very demanding. Especially, finding equations of motion is a highly non trivial calculation. Additionally, there is no guarantee that the obtained equations of motion will remain second order partial differential equations with respect to the metric and the connection. There are higher order gravity theories, like Lovelock theories, where the equations of motion remain the second order differential equations. In our case, unfortunately it is not clear what will happen with the equations of motion and a careful analysis has to be done.
Low energy effective NC gravity action
However, we can still analyze different sectors of our model, such as high energy behavior, or low energy behavior, with or without the cosmological constant, etc. In this paper we are interested in the low energy corrections. To be more precise, we keep terms that have at most two derivatives on vierbeins. Therefore, in our analysis we include terms linear in curvature, linear and quadratic in torsion. Additionally, we assume that the spin connection ω ab µ and first order derivatives of vierbeins such as ∂ ρ e b α are of the same order.
The low energy NC correction of the action S 1N C is given by The low energy NC correction of the action S 2N C is given by The low energy NC correction of the action S 3N C is given by Remembering that c 1 + c 2 = 1 the resulting action follows To obtain this action we used that D α F µν is the SO(2, 3) covariant derivative and its components are 
We also used that
Before we determine the equations of motion, let us briefly discuss the action (4.2) . We see that this action is invariant under the SO(1, 3) gauge symmetry. However, due to the noncommutativity it is no longer invariant under the diffeomorphism symmetry. The non-invariant terms manifest themselves in two ways. Firstly, there are tensors contracted with the NC parameter θ αβ such as θ αβ θ κλ R ακβλ . Since θ αβ is not a tensor under the diffeomorphism symmetry (it is a constant matrix that does not transform under the diffeomorphism), those terms are also not scalars (tensors). Then there are Therefore, the affine connection Γ σ µρ appears explicitly in (4.2) . Note that this affine connection does not have to be given by the Christoffel symbols. We will see in Section 6 that the noncommutativity can generate the antisymetric part of the connection, leading to the appearance of torsion. Some of the terms with the explicit Γ σ µρ s can be grouped to form the curvature tensor, but some will remain and make the diffeomorphism non-invariance explicit.
Low energy equations of motion
The equations of motions are obtained by varying the action (4.2) with respect to the vierbein and the spin connection. Some useful formulae are given in Appendix C. In this article we are interested in NC corrections to the GR solutions with vanishing torsion. Therefore, in the equations of motion we impose the condition T a µν = 0. A more general form of the equations of motion will be presented in future work. Finally, the equation of motion for the vierbein is given by where 
Multiplying the previous equation with e ν a and using the metricity condition we obtain
with 9) where The equations (4.8) and (4.10) have a very clear physics interpretation. The noncommutativity is a source curvature and torsion, i.e. flat space-time becomes curved as an effect of noncommutative corrections. Also, a torsion-free solution will develop a non-zero torsion in the presence of noncommutativity.
NC Minkowski space-time
In order to investigate consequences of noncommutativity in more details we analyze the NC deformation of Minkovski space-time. Minkowski space-time is a vacuum solution of the Einstein equations without the cosmological constant. Therefore, we first have to assume that 1 + c 2 + 2c 3 = 0, that is that the cosmological constant is not present in the zeroth order in the deformation parameter. Note that in our previous work [15, 16] we were not able to choose the value of the cosmological constant, since we only worked with the action S 1N C . Adding the other two actions S 2N C and S 3N C with arbitrary constants c 1 , c 2 , c 3 enables us to study a wider class of NC gravity solutions.
Assuming that the solution is a small perturbation around the flat Minkowski metric 1) where h µν is a small correction of the second order in the deformation parameter θ µν , equation (4.8) reduces to
2)
The second equation (4.10) gives no contribution, that is the NC Minkowski spacetime remains torsion-free in the second order of the deformation parameter. The small perturbation h µν we split into components h 00 , h 0j and h ij and we write equations separately for each component. Note that i, j, . . . are space indices, they take values 1, 2, 3 and we label ψ = δ ij h ij . The 00, 0j and ij components of (5.2) are given by:
In order find a solution of these inhomogeneous equations we assume the following ansatz for the components of h µν :
where r 2 =
To start with, let us assume that both θ 0i and θ ij are different from zero, θ 0i = 0 and θ ij = 0. Then the solution of the previous set of equations is:
From (5.9) it follows that some constants will remain undetermined. The presence of undetermined constants suggests the existence of some residual symmetry. A detailed analysis of this residual symmetry we postpone for future work. In this paper we fix the undetermined constants in the following way:
Finally, the components of metric tensor follow:
From the equation (4.8) it follows that the scalar curvature of the NC Minkowski space-time 2 is given by (5.11) This shows that the noncommutativity induces curvature. The sign of the scalar curvature will depend on the particular values of the parameter θ αβ . For example, if θ ij = 0 and θ 0i = 0 then the scalar curvature R is positive. On the other hand, if θ ij = 0 and θ 0i = 0 then the scalar curvature R is negative. The induced curvature is very small, being quadratic in θ αβ and it will be difficult to measure it. However, qualitatively we showed that noncommutativity is a source of curvature, just like matter fields or the cosmological constant.
The Reimann tensor for this solution can be calculated easily. A very interesting (and unexpected) observation follows: knowing the components of the Riemann tensor, the components of the metric tensor can be written as (5.12) This shows that the coordinates x µ we started with, are Fermi normal coordinates. These coordinates are inertial coordinates of a local observer moving along a geodesic. The time coordinate x 0 is just the proper time of the observer moving along the geodesic. The space coordinates x i are defined as afine parameters along the geodesics in the hypersurface orthogonal the actual geodesic of the observer. Unlike Riemann normal coordinates which can be constructed in a small neighborhood of a point, Fermi normal coordinates can be constructed in a small neighborhood of a geodesic, that is inside a small cylinder surrounding the geodesic [20] . Along the geodesic these coordinates are inertial, that is
The measurements performed by the local observer moving along the geodesic are described in the Fermi normal coordinates. Especially, she/he is the one that measures θ αβ to be constant! In any other reference frame (any other coordinate system) observers will measure θ αβ different from constant.
Conclusions
In this paper we constructed a NC gravity model based on the SO(2, 3) ⋆ gauge symmetry. We used the ⋆-product and the enveloping algebra approach and the SW map. An effective NC gravity action was constructed using the expansion in the small NC parameter θ αβ . The zeroth order of the action is the commutative action (2.20) . The first order correction vanishes. The second order correction is calculated; the calculation and the result are long and cumbersome. Therefore, we chose to analyze the model sector by sector. In this paper we were interested in the low energy sector, presumable describing physics at low curvatures. In that case the action is given by (4.2) . The equations of motion show that, just like ordinary matter, noncommutativity plays a role of a source for curvature and/or torsion. More explicitly, in the example of NC Minkowski space time, we explicitly calculated the curvature induced by noncommutativity and showed that in the presence of noncommutativity Minkowski space-time becomes curved with a constant scalar curvature.
In addition we gain a better understanding of the diffeomorphisim symmetry breaking problem in the θ-constant NC space-time. Namely, the θ-constant deformation is naturally defined for an inertial observer. Therefore, it is not possible to apply the θ-constant deformation for GR solutions in arbitrary coordinates. With this observation we now understand the breaking of diffeomorphism symmetry in the following way: there is a preferred reference system defined by the Fermi normal coordinates and the NC parameter θ αβ is constant in that particular reference system. In an arbitrary reference system the NC deformation is obtained by an appropriate coordinate transformation. We conclude that the constant NC deformation is consistent only with the reference system given by the Fermi normal coordinates. In our future work we plan to investigate other solutions of our NC gravity model, such as the NC Schwartzschild solution and cosmological solutions. Especially, we are interested in the role of Fermi normal coordinates in these solutions and in this way we hope to gain a better understanding of NC gravity. Also, using the advantage of the NC gauge theory approach we plan to include matter fields in our analysis and see the consequences of the noncommutativity on the matter part of the gravity action.
• AdS algebra and the γ-matrices Algebra relations 3 : • Some results used in calculations of S (2) iN C :
The remaining terms in (3.19) are calculated following the same steps.
C Variation of the action S N C
Here we write some useful formulas for calculating equarions of motion: 
